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Abstract

In this paper, we introduce the notion of a directed preserving generator (d.p.g.) from R into R. This
d.p.g. can be used to construct new fields which generally have the same properties as R, except that some
properties are affected by d.p.g. itself. With this new field, a v-normed space will be formed. Some of the
basic properties of this normed space are also discussed.
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1. Introduction

Sometimes we can discover new things by changing our point of view of something. Classical
Banach spaces are defined as a complete normed space over the field R or C. In this paper, we will
use a new field called v-non-Newtonian field v R which has similar properties to R. Using this vR
which will be constructed in this section, then we can define v-non-Newtonian normed spaces over
v-non-Newtonian field vR. To simplify, we will just state the function needed. So, if the function
is v, the notion v-normed spaces over a field R will be used if it is not ambiguous.

This change in point of view was started by Grossman and Katz by moving the field R by
using a function called a generator. A function « : R — R is called a generator function if it is an
injective function [9]. Many studies have used generators with this definition in several fields such
as calculus [1], a-fixed point theory [2,3]], and some special o-Banach spaces [[41 5] [6} [7, [8] [0} [T1].
Unfortunately, the injective nature of this generator is not strong enough to guarantee that the field
«R generated by « has similar properties as its counterpart R. Therefore, we define the stronger
generator as follows.

Definition 1. A function v : R — R is called a directed preserving generator (¢.d.p) if the function v
satisfies the following conditions:

(i) one-one and continue,

(i) for any a,b € R and a < b, we have v(a)<v(b) in yR, and

(iii) for any a,b € R, there exists v(c) € vR such that V(a)<v(c) and v(b)<v(c) in vR.

The existence of ¢ € R in (iii) is just the implication of (i) and (ii). Using this new definition, the
function ot : R — R which is defined as

(X( ) _ 0, if x=0
% o otherwise

is a generator that fails to be a g.d.p.
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The continuity of g.d.p. v will guarantee the existence of 0 and 1, where 0 and 1 respectively
denote the addition identity and multiplication identity, i.e., v (0) = 0 and v (1) = 1. In the case
v = exp, clearly 0 = 1 and 1 = e. The property (ii) of d.p.g. ensures that the order in vR does not
reverse the original order in R, while (iii) ensures that there is always an element in R greater than
v (a),v(h) € vR, i.e., the elements of v R (depend on g.d.p. v) are going to —co and +ooc.

Before going any further, for any g, bhe vIR, the arithmetics applied in a set of scalars yR is

defined as follows
arb=v (v_l (a) + vl (b))

b= (v—l (@) - v (b))

ax b= (v‘l (@) x v (b))

a , if a30
)={ 0, if a0
0-a, if a<0
NP
# (o))

Using these arithmetics, for any a, = vRand a d.p.g. v we have

at (be)

lal = v (‘v'l (a)

I
<

Il
— <

Q-

+.

=
~——

+.

o

and

a0 = v (v_l (@) +v! (0))

v (V_1 (a) + O)

v (v'1 (iz)) =a.

Similarly, it is easy to see that vR is an abelian group under addition. Since

ax1=v (v'l (@) x v7! (1)) =v (v'l (éz)) =a



and

ax (bie)
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V(V— M . m)

[&xb} [ax¢],

some routine calculations will show that vR is a field. Indeed, the properties of d.p.g. assure that yR
is a complete field. Therefore, vR can be used to form a new kind of normed space.

2. v-Normed spaces
The previous section shows that there are new fields that can be formed from R. If we can find an
isomorphism from R onto v, then we can form v-normed spaces over vR.

Let v and p be d.p.g. and define an isomorphism 1 : (R — yRas t (x) = v (u™! (x)). Then for

any a,b € WR

and

(axh) = v

1]
<2

L(a+b)

Since ;R and R are fields, we have (&415) =(a) =t (b) and t (a/b) = (@)t (b) for any b #0.
Considering the properties of d.p.g. v and 1, we conclude that t(x) is a field isomorphism. If p is an
identity mapping, i.e. p(x) = x, and v be any d.p.g, then t is an isomorphism from R onto vR.
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Now we are ready to discuss v-normed space X. Using the isomorphism defined above, for any
x,y € X we have

C (Al + Hylly = Ayl

Therefore, the followings are hold
(i) llxll=0 implies llxl = ! <|.|x|.|> =1 (0) = ¢! (v(0)) = 0 and by the classical normed space rule we
get x =0 € X. On the contrary, for x = 0, loll = ¢ (lloll) = 0,
(i) Il (1INl =0 (I ll) ZIATx o (1l <A ],
(iid) Nlxcyll= (lloe + ) <t (Il + Tytl) =l HIpll.

These facts give the following definition
Definition 2. Let X be a vector space over the ﬁeld vR. The ﬂmction |'| . |.| : X = yR* is called a v-norm
on X ifil Satisﬁes
(i) ||x||20 and |lxll=0 ifand only 1fx =0,
(ii) ||.7\>'<x!|ﬁ|?\|>:<||.x||',
(iii) Nyl <llxcl 1+l
for all x,y€eX and N € yR. The ordered pair (X, |.| . |.|) is called v-normed space.

If the context being discussed is clear, then X will be preferred over (X - |.|>. By using property

(iii) in the definition or directly using the isomorphism t, for all x, y € X we have

lacll=t (lll) < (el + Hyll) 22yl
Similarly

liyll=c (Il < (ly=all + ll) 2l il
Therefore

iyl = ma {ibilfil, iyl }

[yl

IN

The last inequality shows that the function x — llxll is a v-continuous function. Furthermore,
for any x,x0,y,y0 € X and A, Ag € vR

(i) = (oot yo) 1oy ol

and

MxAgxoll < A Axo A A0l

Il [+ A A,

The continuity of a v-norm function implies that the mappings (x, y) — x+y and (A, y) — Axy
are v-continuous from X into X. After knowing the v-continuity of these mappings, it is natural to
define the convergence of sequences in v-normed spaces. Note that while discussing some concepts
related to sequences, since we use N as a directed set, it must be understood that the natural numbers
being used are in the original order, not as outputs of d.p.g. v.
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Definition 3. Let (x;,) be a sequence in v-normed space X. The sequence (x,) is said to be v-Cauchy if
for any €50, there is N € N such that llx,~x,,/1<¢ whenever n,m>Ny. The sequence (x,) v-converges to
an element x € X if for any £50, there is N € N such that llxzayll<é whenever n>Ny. In this case, x is
called v-limit point of (x,) and denoted by v-lim (x,) = x.

The previous discussions show that we can use the v-norm function to form the topology for
a vector space X with F = yR. The elements of this v-norm topology are any neighborhoods of
x € X.

Definition 4. Let X be v-normed space and x € X. The closed ball centered at x with a radii 50 is the
set {y €X: |.|x;y|'|§'r} and the open ball is the set {y €X: |'|x4y|.|i%}. The sphere with a center at x
and a radii ¥ is the set {y cX: |.|x;y|'|i%}.

If x=0and 7 = 1, then they are called a unit closed ball, unit open ball, and unit sphere which
are respectively denoted by By, vBx, and  Sx.

Definition 5. A v-normed space is v-Banach (complete) space if any v-Cauchy sequence in X v-
converges lo an element x € X.

Cakmak and Bagar [4] showed that some sequence spaces of scalars are Banach space with d.p.g.
v = exp. As stated before, this result generally doesn’t hold for any generator, unless satisfies d.p.g.
conditions.

Let X be a vector space over a field yR, 4 C X, x,y € A,and A € yR. IfA € (O, 1) and

Ax+ (147\) y € A, then A is called a convex set. A is a balanced set if for any |7\|§1, we have AVA C A. If
for any z € X, there is A-50 such that z € BA whenever p3A., then A is called absorbing.

Proposition 1. Any ball in a v-normed space is convex. Furthermore, if the ball is centered at the origin,

then the ball is balanced and absorbing.

Proof. Let  B; (x) be any ball centered at x with a radius . Take any y, z € v B; (x) and 0<A<1, then

Ay+ (1A) 2=l Ay+ (1A) 22A%s (1) A
A (=) + (1) (z=)

All (p2a) 4 (122 1l (z=)
A+ (12A) 7.

A 1A

Therefore, Ay+ (147\) z € vB; (x).
Now, take a ball v B; (0) and IAI<1. Then, for any y € vB; (0), we get ||7\y||§||y|| and hence Ay €

vB; (0). This shows that v B; (0) is a balanced set. Indeed, for any x € X and 8> @, then x € B+ B; (0).
Thus + B; (0) is absorbing. O

Let A be any subset of a v-normed space X. The closure of A, denoted by A, is an intersection
of all closed sets in X containing A. It is well known that A contains all v-limit points. Since for
any x,y € X and x 7y, we can find 750 such that v B; (x) N B; (y) = 0 which shows that v-norm
topology is Hausdorft, and the v-limit point is unique. The interior of A is the union of all open
subsets of A4, i.e., the largest open set containing A and denote by A°.

.« . —_ o
Proposition 2. Let A be any convex subset of a v-normed space X. Then A and A" are convex sets.
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Proof. Let x,y € A, x, — x and y, — y. Then, for any A € (O, i)
[Axct (12A) y=Aac,d (1A) yall <oz il (120) Tly=y, i

and hence Ax,+ (i;?\) yn — Ayt (147\) x. Therefore, Ay+ (147\) x € A which shows that A is a
convex set. o
Now, let x,y € A°. Then, for any A € (O, 1)

At (15A) y e A+ (14A) A° C A

. . . (S
Since A is a convex set, it follows that A~ is convex. O

3. Bounded operators

This section will discuss the mappings between v-normed space X and Y. It is well known that a
mapping T : X — Y is linear if T (x+y) = Tx+Ty and T (Ax) = AT (x) for any x,y € X and A € yR.
From elementary calculus, the mapping f : X — Y is said to be continuous if, for an arbitrary € > 0,
there is & = 8¢ > 0 such that |f (x) - f(y)| < € whenever |x—y| < 8. Since we can form a v-norm
topology for v-normed spaces X and Y, we can define the continuous linear operator as in the
following definition.

Definition 6. Let X and Y be v-normed spaces and T : X — Y be a linear operator. T is a continuous
operator 1f it is continuous between X and Y, where X and Y are considered topological spaces under v-norm

topology.

Note that a subset 4 of a v-normed space X is bounded if |.|x|.|§M for any x € A and M<o0, i.e.
A C vBy (0) for alarge M.

Proposition 3. Let X and Y be v-normed spaces and T : X — Y be a linear operator. The following
conditions are equivalent:
(i) T is continuous,
(ii) T is continuous at 0,
(iii) T is uniformly continuous,
(iv) There is a constant M50 such that
1Tl < Ml
forall x € X.
(v) T(vBx) is a bounded set in Y.

Proof. (i) — (ii) is obvious.
(i)) — (i). Let (x,) be any sequence v-converges to x € X. Since T continuous at 0,

I Toc= T 1201 T (e, 1T — 0,

or Tx,, — Tx. Thus, T is a continuous operator.

(if) — (iii). The linearity and continuity of T at 0 imply that for any ¢50, there is 58 £50 such that
I Txll<¢ whenever llxl<5. Since X is a v-normed space, there is x1,x, € X such that x; = x,. Thus,
1Ty~ Tooll<¢ whenever llx;=x,l1<8. Since x is arbitrary and Sjust depend on ¢, T is a uniformly
continuous operator.

(iii) — (i) is obvious.
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(ifi) — (iv). llxll<d implies ITxdl<¢. For any x € X, put y = =&-x. Then llyll<5 and hence I Tyll<é.

5

2llxll

The linearity of T will give

2l
5

1Tl ||Ty||<g||x||.

Set M=2€5 to complete the proof.

(iv) — (iii). Taking a sequence (x,) that converges to 0, then llac,ll = 0 and hence 1T, ll — 0.
(iv) = (v). The equivalence can be done by taking x € v Bx.

(v) — (iv). Let T(vBx) be a bounded set, i.e., there is M50 such that |'|T(VBX)|.|QM. Puty= - ¢

B

yBx, then
N Txll=l I Tyl < Ml
and the proof is complete. O

Proposition [3| says that the notion of continuity and boundedness of linear operator T are
interchangeable. Therefore, the following definition is equivalent to Deﬁnition@

Definition 7. Let X and Y be v-normed spaces and T : X — Y be a linear operator. T is bounded if
T(A) is bounded for any bounded set A C X. B(X,Y) stands for a collection of all bounded linear operators
from X into Y.

The equivalence of (iv) and (v) in Propositiongives a term called operator norm I Tll which is

defined as
Tl = sup {ITl: x € vBx }

Indeed, the number [ITil is the smallest number that satisfies (iv). To see this, assume the contrary,
that is 0<M<IITI. Then, for any x € vBx

Tl = sup {1l x € v By | sM=Milu
which contradicts the boundedness of T.

Theorem 1. Let X be a v-normed space and Y be a v-Banach space. Then B(X, Y) is a v-Banach space.

Proof. It is easy to see that B(X, Y) is a v-normed space under the operator norm. Let (T}) be a
v-Cauchy sequence in B(X, Y). Then, for each x € X

T2 Tyl <N T, 2 T .

Since Y is a v-Banach space, T),x converges to some element y € Y. Let Tx=y=v-limT,,x. Then, for
any x € vBx

I T Tl I T Tl T e Tyl

Taking the supremum of both sides gives |.|T;Tm|.| — 0. Clearly, T € B(X, Y) and the proof is
complete. O

Concluding Remark Since -1l e vRand Il Il € R, by deploying the isomorphism t, all the results
in this paper are also true for classical normed spaces.
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